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Abstract 

Lattices generated by lattice points in skeletons of reflexive poly- 
topes are essential in determining the fundamental group and integral 
cohomology of Calabi-Yau hypersurfaces. Here we prove that the lat- 
tice generated by all lattice points in a reflexive polytope is already 
generated by lattice points in codimension two faces. This answers a 
question of J. Morgan. 

1 Introduction and main result 

Since its introduction by Batyrev in (Bat94j dual pairs of reflexive 
polytopes have been used to successfully construct mirror pairs of 
smooth Calabi-Yau varieties as resolutions of non-degenerate anti- 
canonical hypersurfaces in Gorenstein toric Fano varieties, see, e.g., 
|HK99j . 

Recall that a reflexive polytope is an n-dimensional lattice poly- 
tope P C M ffi = M ®i R for a lattice M = Z n such that P contains 
the origin in its interior and the dual polytope P* is also a lattice 
polytope with respect to the dual lattice N = M* = Hom^(M, Z). 
There is an associated pair Ps p ,m, PKp*,iV of Gorenstein toric Fano 



1 



varieties, where Sp is just the fan of cones over the faces of P, see, 
e.g., |Hat94llNlIM] . 

For a given reflexive polytope P C there exist finitely many 
choices of sublattices of M such that P is reflexive with respect to this 
lattice. Obviously the minimal one of these is the lattice Ao generated 
by the vertices of P. More generally we define 

Afc := lattice generated by all lattice points in the /c-skeleton of P, 

where the fc-skeleton is the union of ^-dimensional faces. 

Due to |Nil051 Lemma 1.17] and |Ful93l 3.2] we see that for k = 
0,1,2 the quotient group M/A^ equals the fundamental group tt\ of 
the union of all < k + 1-codimensional torus orbits in Ps F ,M- 

Returning to the relevance of these lattices in mirror symmetry 
Batyrev and Kreuzer BK05, Cor. 1.9] recently proved that for n = 3, 4 
the quotient group M/A n _2 is precisely the fundamental group ni(X) 
of a projective crepant resolution X of an (n — l)-dimensional non- 
degenerate anticanonical Calabi-Yau hypersurface in Ps p ,m- More- 
over for n = 4 they showed that the torsion group of H 2 (X; Z) equals 
Hom(M/A n _2 ; Q/^) and the torsion group of H S (X; Z) is isomorphic 
to Hom(A 2 M/M A A n _ 3 ,Q/Z), cf. |BK05[ Cor.3.9]. Mirror sym- 
metry should exchange these torsion parts of integral cohomology of 
X and a mirror X* . Hence, this yields the surprising isomorphism 
M/A 2 = A 2 N/N A A* v where A* is the sublattice of N generated by 
lattice points in edges of P*. Using the classification of Kreuzer and 
Skarke KSOQi they confirmed this conjecture. 

These results and open questions motivate further investigation of 
the lattices A^ for an n-dimensional reflexive polytope P. Here we 
first note the following two observations: 

• Since there are no non-zero lattice points in the interior of P, we 
have A n _i = A n . 

• If there exists a crepant toric resolution of Psp,Afj then the 
boundary dP contains a lattice basis, hence A„_i = M. This 
holds for n = 2, 3. 

For n = 2 there are precisely three isomorphism classes of reflexive 
polytopes with A n _2 = Aq ^ M, here Aq has index 2, 2, and 3: 




Figure 1: Reflexive polygons with A n _ 2 ^ M 
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As noted in BK05., Remark 1.10] for n = 3 a non-degenerate 
Calabi-Yau hypersurface X arising from a crepant resolution of Ps P ,M 
is a smooth i^3-surface, hence simply-connected. So the fundamental 
group tti(X) = M/A„_2 is trivial, i.e., A„_2 = A n _i. The authors did 
not know of a combinatorial proof of this result in the literature. 

At PCMI 2004, John Morgan (for a mirror-symmetric conjecture 
concerning integral variations of Hodge structure see Conjecture 2.9 in 
DM05 ) asked the first author for a combinatorial proof that A n _2 = 
A n -i would also hold for n = 4. This was confirmed by the classifi- 
cation of all four-dimensional reflexive polytopes KS00 . John Mor- 
gan, and independently Batyrev and Kreuzer jBK05j . have listed all 
16 isomorphism classes of four-dimensional reflexive polytopes with 
A n -2 7^ M. However in contrast to n = 3 not even an algebro- 
geometric proof seemed to be known. 

The goal of this article is to provide a purely convex-geometric 
proof valid in arbitrary dimension n > 2. (FigureQshows all "counter- 
examples" for n = 2). 

Theorem 1.1. If n > 3, then A„_2 = A„_i. 

The main idea of the proof is to show that any lattice point in- 
side a facet can be obtained from lattice points on lower dimensional 
faces. For this we use a partial addition on the set of lattice points 
in P, observed by the second author in |Nil051 Prop.4.1]. In [Nil05 
that method has been applied to investigate the set of lattice points 
inside the facets, since this is precisely the set of Demazure roots for 
the automorphism group of the corresponding Gorenstein toric Fano 
variety Fj; ptiN . 

Acknowledgments: Work of the first author was partially sup- 
ported by NSF grant DMS-0200740. The second author would like to 
thank Duke University for hospitality and support. 

2 Proof of theorem 

Let P C Mjr be an n-dimensional reflexive polytope. We denote by 
(•, •) the non-degenerate symmetric pairing of the dual lattices M,N. 
For the proof we will use the following notions. 

Definition 2.1. 

• We denote by 1Z the set of Demazure roots of P, i.e., the set of 
lattice points in the interior of facets. 
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• For x G 7Z we denote by T x the unique facet of P containing x, 
and by n x the unique inner normal of T x , i.e., rj x = rjjr x G N s.t. 



• A pair of roots x,y G 7£ is called orthogonal, if (n x ,y) = = 
(rj y , x). In particular r/_ x ^ Vy Vx V-y ^ n this case x + y G 
Mnfjflfj (see the next result). 

The following lemma is the engine running our proof. 

Lemma 2.2 f |Nil04t Lemma 3.5 & Corollary 3.6]). For x,y G 

dP n M exactly one of the following is true. Either x and y belong 
to a common facet, or x + y = 0, or x + y G <9P. /n £ae last case, 
there is a unique z(x,y) = ax + by G <9P uraia a, 6 G Z>o- VKe aaue 
a = 1 or b = 1, and x and z(x,y), respectively y and z(x,y), belong 
to a common facet. Furthermore, if x G 1Z, then a = {r] x ,y) + 1. 

The custom tailored version for our purposes reads as follows. 1 We 
abbreviate A := A„_2- 

Corollary 2.3. Let x G K \ A, y G dP n A with y G" T x . Then 
(Vx,y) > 1; and p(x,y) := (rj x , y)x + y G 1Z\A is a root orthogonal to 
x. 



Proof of Theorem \1. 11 Let n > 3, and let x\ G 7£ arbitrary. We have 
to show xi G A. Assume not, that is, x\ G" A. 

Let 7/o ^ V(P) \ J^ri be a vertex of P outside T Xx . Corollary 12.31 
provides X2 ■= p{x\,yo) G 1Z \ A. The points x% and X2 span a 2- 
dimensional linear space L. Either all vertices of P belong to {J- Xl H 
Fxz) U L or not. 

• V(P) C (^.j n F X2 ) U L : The intersection Q = PnL is a reflex- 
ive lattice polygon since any vertex of Q that is not on T Xx n .T^ 
is a vertex of P, and the other vertex x\ + £2 is integral, too. 
The part of dQ outside T xx U T X2 belongs to the 1-skeleton of 
P. The endpoints of a primitive segment form a lattice basis for 
LC\M 3 x\. So x\ G Ai C A, a contradiction. (This is where we 
use n > 3 !) 

Of course, this corollary talks about the empty set as we aim to show. 



{Vx,?*) = -1. 




Figure 2: p(x, y) 
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Figure 3: V(P) C (^n^)Ui 



• V(P) (^j! fl ^ca) U ^ : There are two subcases. 

o V(P) C P^ Uf l2 UL: Since y € V(Pr 2 ) fl L, there has to 
exist a pair of vertices y\ G !F Xl \J r X2 and 7/2 £ Pa^APzi with 
2/1 + 2/2 7^ 0, such that one of the two sets {xi, 2/1,2/2} or 
{^2, 2/i> 2/2} is linearly independent, say the latter. 
Choose u G iVjj so that (u, £2) = («, 2/2) =0 and (it, 2/1) = 1. 
Set ^4 := {r G P^ fl P. \ A : (r^r) = 0}. Since xi G 
A, 4 ^ I, so there exists r & A with (it, r) maximal (in 
particular > 0). 

By Corollary 12.31 we have k\ := (r] X2 ,yi) > 1 and := 

> 1. Furthermore (; :=p(r, 7/2) = ^2^+2/2 € P\A, {r) xx ,q) = 
0. Since (^ , r) = and 7/2 £ Pz 2 > we S e t 9 € P X2 . Again by 
Corollary ESI?"' -=p(q,y{) = k\q + yi £ 1Z\A, (r] X2 ,r') = 0. 
Since {rj Xl , q) = and 7/1 G P^ , we get r' G P^ . Hence 
r' G A. Since r' = k\(k2r + 7/2) + 2/1, we have (u,r') = 
k\k2{u,r) + fci > {u,r), a contradiction. 



o V(P) £ P^ Uf X2 UL: Let 7/1 G V(P) outside p^UP-^UL. 
Now X3 := p(xi, 7/1) G 72. \ A does not belong to T X2 or L. 
By Lemma 12.21 2 := z{x2,x^) = (1x2 + bx^ G dP fl A with 
(xi,z) = b(xi,Xa) = 0, a contradiction to Corollary 12.31 




Figure 4: Ping-pong 



□ 
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Figure 5: Finish 
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